For each irreducible hyperbolic automorphism A of the n-torus we construct a so c system ( ; ) and an isomorphism of ( ; ) with a nite cover of (T n ; A). This construction is natural in the sense that it depends only on the characteristic polynomial of A, and furthermore it has an arithmetic interpretation.
Introduction
Starting from 1, 3, 9], many papers have been devoted to Markov partitions for hyperbolic automorphisms of the torus, as well as Markov partitions for arbitrary hyperbolic systems. If we want to give a symbolic realization of such a toral automorphism A, the following question naturally arises: is it possible to interpret other structures which exist on the torus (foliations, homoclinic points, algebraic and arithmetic structures) in terms of the symbolic dynamics? The constructions of 3, 9] are very general (they work for arbitrary Anosov systems) and do not respond to this question. In 12] an attempt was made to give a construction, at least for some automorphisms A, which had an arithmetic sense. In that construction, the symbolic representation was given by a two-sided radix representation (i.e. expansion in terms of a base and digits) of points on the torus. The construction gave symbolically a so-called so c system (a quotient of a shift of nite type) describing the allowed expansions. In the case where A was a Pisot automorphism (a hyperbolic automorphism with one expanding eigenvalue ) the corresponding one-sided radix representation coincided with the -expansion for the value = (here we mean -expansions in the sense of Renyi/Parry 8, 5, 9]). Two-sided expansions for the Pisot case were also considered in 2, 6] . Expansions for general A have not been considered in detail before (although see 7] ): the ideas of 12] were not fully developed in this case.
In this paper we suggest, using an approach similar to 12], a new arithmetic construction which gives a boundedly nite-to-one map from a so c system to the hyperbolic system on the torus. This construction is motivated by an idea of Thurston (Lemma 3 below). The construction preserves the properties mentioned earlier: this bounded-to-one map can be considered as giving a two-sided expansion of points on the torus, which converge in the ordinary sense in one direction and in the A-adic sense in the other direction.
The homoclinic points, foliations, and so on, all have a precise meaning in this expansion.
The digits in our radix representations take values in the algebraic integers. We do not know if it is possible to restrict ourselves to digits in the rational integers; however we remark that this restriction seems less natural in regards to our construction. Note that, as in 12], even for the two-torus we obtain a di erent kind of isomorphism than that in 1, 3, 9] .
The main results are formulated in section 2. We consider an example from 1] in our point of view in section 3. Section 4 is devoted to the proofs.
Let us emphasize that this problem is closely related to the theory of self-similar tilings (see 11, 4, 6, 7] ), adic transformations (see 12]), and to the general theory of radix representations.
Results
Let A 0 2 GL(n; Z) be an irreducible hyperbolic automorphism of the n-torus. Let This completes the claim, since it is true for each coordinate.
In particular since (d 0 ) 2 Z n , if is the projection to the torus : R n !
, that is, R is a semiconjugacy between ( ; ) and its image in T n . By Lemma 2, the image contains an open neighborhood around the origin of the unstable leaf (W u ); by invariance the image must contain the whole unstable leaf and so, being dense and closed, the image must be the whole torus.
The almost-everywhere injectivity of R is a di cult question in general.
However we do have:
Lemma 4 The map R: ! T n is bounded-to-one everywhere and constantto-one almost everywhere.
What may we now conclude about the original automorphism A 0 ? The matrices A and A 0 are conjugate over SL(n; Q) but not necessarily over SL(n; Z). Let M 2 SL(n; Q) be such that A 0 = MAM ?1 . Let q 2 Z be such that qMZ n Z n . Then the map qM is a semiconjugacy, in the sense that the following diagram commutes:
The map (qM) R: ! R n =Z n gives a nite-to-one semiconjugacy between ( ; ) and (R n =Z n ; A 0 ); we have the following diagram:
3 Example. The image under R of is shown in Figure 3 . In this case R is almost everywhere injective; furthermore the image of the set of sequences which are in state f1g at index 0 is a genuine rectangle. Similarly we get a genuine rectangle for those sequences in state fx ? 5; 1g at index 0.
Note that A 1 is similar over Z to the companion matrix A; the change of basis f1; xg ! f1; x ? 5g takes the matrix A to A 1 . The fundamental domain for the basis f1; x ? 5g is shaded in Figure 4a . The matrix A 2 is not similar over Z to A. However we can use the basis f1; (x?5)=2g for A whose fundamental domain is shaded in Figure 4b . In this case the map qM R is two-to-one almost everywhere. Since i (z k ) is bounded (z k 2 B) and j i j > 1 this series converges as k ! 1.
In the limit we get an expansion for the projection of z 1 to W u . 2 Proof of Lemma 3. This completes the proof.
2
Proof of Lemma 4. We show rst that R is bounded-to-one. Since the image R( ) is compact, it will follow that R is bounded-to-one. In fact we'll just show that R u is bounded-to-one on u .
Let 
